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Actuarial Present Values Accounting for Common Shock

Abstract: We study the problem of how a common disaster or life lengthening force affects two independent
lives. We specifically look at two exponential lives and determine different actuarial present values for the
effect of a common disaster, life lengthening force, and the effects of both the common disaster and life

lengthening.

Common Disaster

In this section we determine the probability of two individuals terminating due to either biological causes
specific to each life or a common disaster that affects both, whichever occurs first. Therefore, we can
separate causes of termination into both biological causes which are independent from each other and a
common disaster.

The probability that the biological component terminates the individual during (k, k + 1] is (1—¢q;)*q; =
pfqi, where p; = e%,q; = 1 — p;, and k = 0,1,2. The probability that life ¢ survives one year through
biological causes is denoted by p;. Define K; as the number of years individual ¢ lives without terminating
due to biological causes.

Let’s say that a disaster occurs at time D. This disaster is independent of life i where i = 1,2... We
will assume that individual lives are independent from each other and from the disaster D. The disaster and
lives will be modeled by geometric variables. The probability that the catastrophe occurs during (k, k + 1] is
(1 —d)*d,k =0,1,2, ..., where d is between zero and one. The larger d is, the sooner the disaster is expected
to occur. d is the chance the disaster will occur in any one year while (1 — d) is the chance that there is
no disaster in that year. To determine the probability that the disaster occurs after time n, we sum up the

probability from time n+1 to infinity.

oo

P(D>n)= Y (1-dfd

k=n+1
(1 _ d)n+1
T-(—d
=(1—a".

KP = min(K;, D) ,where K is defined as the the whole number of years lived by an individual ¢ without
a disaster. The lives K and K2 are dependent through the common disaster. In absence of the common
disaster, K1 and K5 are independent.

To calculate P(K¥ = ny, KP = ny) we look at

P(KlD >TL1,K2D >n2):P(D>n1,D>n2,K1 >n1,K2>n2)

= P(D > maz(ni,ng)) * P(K; > ny) *x P(Ky > ny) (1)
— (1 _ d)mam(nl,n2)+1prf1+1pgz+l.

We then use the above formula to look at the tail probabilities to determine the probability mass function
denoted as P(KlD = nl,KQD = ng). This is the same as looking at the box from n; — 1,n2 — 1,177 and ng

and subtracting off sections to determine P(K{P = ni, KP = ny).
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For ni,ne =0,1,2...

P(KlD:nl,KZD:nQ):P(KlD>n1—1,KéD>n2—1)

This is the same as

— P(KP > ny, KP >ny — 1)
—P(KP >ny —1,KP > ny)

+P(K1D>n1,K2D>TL2).

P(KP = ny, KP = ny) = (1 — dymar(m—Lma=D+1 (=11 (n2=1)+1

_ (1 _ d)max(nl,n271)+1p?1+1p2

(ne—1)+1

_ (1 _ d)max(nlfl,n2)+1p§n1—1)+1p22+1

+ (1 _ d)maﬂf(n1,n2)+1p?1+lp;2+1
— (1 _ d)maﬂﬁ(nl’nz)p?pgz

_ (1 o d)max(nl-‘rl,ng)p?l-&-lpgz

_ (1 _ d)max(nl,nz—i-l)p?lzlngJrl

+(1- d)m‘“”(”l+1»”2+1)p?1+1p7212+1.

We then look at specific cases for different values of ny,ns. For ny = 0,1, ...

P(KP =ny,

For n; =na(=0,1,...

P(KP =n,,

), we have

Ky =na) = (1—d)"p}"py?

_ (1 _ d)nzp;l1+1p7212

_ (1 _ d)n2+1p;t1p7212+1
+ (1 _ d)n2+1p71n+1p1212+1

(1 —=d)"pi'py?[1 —p1 — (1 = d)p2 + (

,no — 1, we have

1 — d)p1p2]

(1 —=d)"p py*(1 —p1)[1 — (1 = d)pa].

K =m) = (1—d)™p}'p}

_ (1 _ d)n1+1p?1+1p;1
_ (1 _ d)nﬁ-lp;hp;h-i-l
+ (1 _ d)n1+1p;b1+1p31+1
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For ny =ns+1,n2 +2,...(ne = 0,1,...), we have

P(KP =ny, KD =ny) = (1—d)"p}"py>
— (1 —d)mHipptiphe
— (L =d)mpypy T
+ (1 —d)mtipptipptt (4)

= (1 —=d)"p"py*[1 = (1 = d)p1 — p2 + (1 — d)p1p2]
=1 —=d)"p"py>(1 —p2)[1 = (1 — d)p1].

For additional verification see Appendix A.

Actuarial Present Value of Common Catastrophe

The joint life actuarial present value of one dollar payable at the end of the year of the first of either life
2’s or life y’s death is denoted by Ag,. One would want this form of insurance to protect against the death
of the wage earner. It is important to note that life y does not necessarily need to live until the end of the
year. Also, life z corresponds to probabilities based off of individual 1 and life y corresponds to probabilities
based off of individual 2.

In general the insurance is represented as

00
— E k+1
Axy - v kPxyQe+k:y+k-
k=0

kPzy is determined by the survival function Sk b (z) xp(y)(n1,12).

Skp(2),x0 () (n1,n2) = P(KY > n1, K3 > ny)
= P(K(z) > n; and K(y) > ne and D > maz(ni,ng))
_ (1 o d)mam(nl,n2)+1p?1+1p;2+l'

Therefore using the above equations for the survival function we can determine jp,

s(ny + k,na + k)

s(ni,mn2)
(1 o d)mam(n1+k,n2+k¢)+1p’il1+k+1pgz+k+1

kPzy =

(1 — d)ma$(n17n2)+1p?1“b1+1p1212+1
(1 _ d)maz(n1+k,n2+k)+1plfp§
(1 — d)mas(ni,nz)+1

= (1—d)*piph.

Hence,

Qetkiythk = 1 = Pethiyrk = 1L — (1 = d)p1p2.

Scaling by the starting ages to determine ;p,, works because the random variables K D KP are still

exponential in nature. Alternatively, we could calculate

kPryQotkytk = P(KP >k -1, K2 >k —1) - P(KP > k, K2 > k)
= (1—d)*piph — (1 — )" 'piTipst.
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This conclusion we have already seen in our previous calculation.

We can also use the probabilities developed in the previous section to check our answer.
Guiky+k = P(KP =0,K2 > 0) + P(KY > 0,K? =0) + P(KP =0,K5 =0).
Now using Equation (1)
P(KP =0,KP >0)=P(KP >0,KP >0) - P(KP >0,KP > 0)
= P(KY >0) - P(KP > 0,KP >0)
= (1 =d)p1 — (1 —d)p1p2.

Similarly,
P(K{ > 0,Ky =0) = (1= d)pz — (1 — d)pips-

Therefore, from Equation (4)
P(KP =0,KP =0)=1-(1-d)p1 — (1 —d)pz2 + (1 — d)p1p2.
Insert the required formulae into gu4k:y+k
Qotky+k = (1 =d)pr — (L =d)pip2 + (1 = d)pa — (1 —=d)p1p2 + 1 — (1 —d)p1 — (1 — d)p2 + (1 — d)p1p2
=1-(1-d)pip2
=1~ Potheyt-

We can now determine Ag,.

oo

Axy = ka+1(1 - d)kpllcpg[]' - (1 - d)p1p2]
k=0

o0
=Y R = d)Fphph — b (1 — d)F i s
k=0

B v ~_v(d = d)pip2
C1—v(l—d)pips 1 —v(l —d)pip2
10—

1—v(l —d)pips’

It is important to note that the smaller d is the greater the time until an individual’s life is affected by

the common disaster. When d = 0, then

1 —pip2
Apy =0———.
Yl —upipy
When d = 1, then
1
A;Ey = ’UI = .
We can also calculate annuity values using 1 = rdg, + Agy. Where r = %ﬂ usually denoted by discount

. 1-A,
d. Therefore, dyy = — .

The last survivor status is payable at the end of the year upon the last death of either life x or life y.

The actuarial present value of the last survivor status is denoted by Azy.
A=A, + A, — Ay
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To determine this status we first need to develop the actuarial present values for lives  and y individually

with the effect of the common disaster. The actuarial present value of one dollar payable at the end of the
year is

oo
k+1
Ay = 5 s kPxqz+k-
k=0

Therefore, we need

s(n1 + k)
s(ny)

(1 o d)n1+kp7111+k
(1 —d)mpi

kPx =

= (1—ad)*pf.
and
ke = 1— (1= d)*p}.
Now,
[ee]
Ay =Y R (1 = d)*pf[1 — (1 — d)po)]
k=o
— ka+1(1 _ d)kpllc _ vk:+1(1 _ d)k+1p11€+1
k=0
B v 3 v(l —d)py
S 1l-v(l—d)ps 1—v(l—d)p
— 1—(1—d)p
1-— ’U(l — d)pl '
Likewise,

_ 1—(1—d)ps
Ay_vl—’u(l—d)pg.

When d = 0, we arrive at A, with no disaster effect.

1
A, = v P1 — q1 .
I —opr 1—wvp

Therefore, inserting the required formulae into A,,, we arrive at

Av{ludm L l-(-dp 1<1d>p1p2]
w 1—v(l-d)p 1 —v(1—d)ps 1_U<1—d)p1p2'

When d = 0, then we arrive at A,, with no disaster effect.

Ay | LzPr 1 =p2  1-pip
o l—wpr  l—wps 1—wpipa|’

When d = 1, then the disaster definitely occurs and the payment is made at the end of the first period.

1 1 1
Azy—’U|:1+1_1:|—’U



Life Lengthening

In this section we determine the probability of two individuals terminating due to biological causes specific
to each life while a life lengthening force lengthens both lives. Therefore, we can separate the two forces
acting on the lives into a biological aspect which seeks to terminate life and acts independent of the lives and
a lengthening force which seeks to lengthen life. The life lengthening force is a way to separately account for
decreased probability of biological death. For example, when looking at a group of smokers and non-smokers,
one could consider those who do not smoke to have a lengthening force acting upon them, the fact that they
do not smoke.

Define K; as in the previous sections where the individual lives are independent and geometrically
distributed. Let’s assume that L is a lengthening force which can affect an individual by lengthening his or
her life. Suppose that P(L = k) = I¥(1 — 1) where k = 0,1,2...,0 < [ < 1. We assume that the lengthening
force is a geometric random variable. [ is the chance that the life continues. Therefore, the larger [ is, the
larger the probability of a life continuing due to lengthening. (1 — 1) is the chance that the lengthening will
fail in any one year. Define K = K; + L where i = 1,2,.... KF are the whole number of years lived by
individual i with lengthening. The lives K} are dependent due to the lengthening force acting on both.

The PGF is the probability generating function. Knowing the probability generating function is equiv-

alent to knowing the probability mass function which we wish to develop. The PGF can be defined as

PGF(z,y)=F [xKlLyKZL}

— E I:xKlJrLszJrL]

= B[] B[y E(xy)"]

(oo} oo [e.e]
=> i Y v ke > (ay)(1 - ik
k=0 k=0 k=0
_ q1 q2 (1-10
L—pixl—pyl—lzy
Now sum over the partial derivatives at x,y = 0 to solve for the probability mass function
omtn2 P, 0)
dyn20x™

:n1!n2!P(K1L :nl,KQL :n2)

0™ [0™P(x,y) |
T oy | e VY

Split into separate cases

_ o™ ok k - ny!
= 5y K};Oy p2q2> > o]

m=0

0" (S~ ko k e Kk
9z (kz_of P1Q1> Gpri-m (Z(fy) FL=1) || la=y=0

k=0

Solve the last summations
G [(§r) £ i
= Y DP2q2 _7,,m!]91 q1
oyn2 ¢ (n1—m)lm!

Z E(k —1)..(k —ny +m 4 Dak—mtmykikq l)] le=y=0
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one — kk -
— ayn2 Zy o ,m!pinfh (nl _ m)!ynl—nLlnl—m(l _ l) |y:o
k=0

m)!m!
m:O

an S .- ni—mini—m
= Dy [(Zﬁl&%) Z ny!plqy™ ™ (1—1)] ly=0

k=0 m=0
Split into cases again

an277‘ o m ni—m ni—m
- Z (ng —r) "r' oy" (Zy p2(b> dyn=—T (ﬂ;nl!pl @l (1= y™ > ly=0

no

no! o2 & m
— | 9 nq! n1— ™1 = D)y™|,—0
2 (na — )7 ripsq By mZ:o P1 q1 ( )Z/ |y
Simplify,
no 77,2! N — 7‘ 1, n—m m m
:ZW(” 7)!ps 3 v 2”117 @™ (1= Dy™[y=o
r=0 o
ng
le! 1702 — 11T r |
= Z (e — )i (ng — m)Ipy? "ga[na T T " (1 = Drll, ]
o Ir!

Reduce the summations

min(ni,n2)
= Z nylnglpy? "ge Pl gl (1 = 1)
r=0
min(na,ny)

=n1'nalqiga(1 = 1) Z I e

r=0
B - L p?lpg@ Pn1 min(ny,ne)— 1pg2*mi”(nl7”2)*1lmin(n1,n2)+1
= n1~n2~Q1CI2( ) 1_ 1
p1p2
Therefore,
ni+1_no+1 n1—min(ni,ne) nz—min(ni,n2) min(ny,ne)+1
p p —p p l ’
P(Kf:nl»KzL:nz):%%(l_l) ! 2 L 2l . (5)
bip2 —
For ny < na(ny =0,1,...n2), we have
P(KE =n, KX =ny) = qugo(1 — l)]flllJrll)72L2+1 pytMpyr MMt
7 pip2 — 1 (©)
p?1+1pg2+1 p;lzfmlm-‘rl
=qq(1—1
( ) pip2 — 1
For ni =no+1,n9+2,...
ni+1 na+1 n1—n2jno+1
PP —p "2
P(KE =ny, KF = no) = o (1 — 1) 2—22 1l _ (7)
pip2 —

For additional verification see Appendix B.



Actuarial Present Value of Life Lengthening

The joint life actuarial present value of one dollar payable at the end of the year of the first of either life
x’s or life y’s death is denoted by A,,. One would want this form of insurance to protect against the death
of the wage earner. It is important to note that life y does not necessarily need to live until the end of the
year.

In general the insurance is represented as

o0

— k+1

= g v kPryqe+ky+k-
k=0

Now, if we try to develop ypg, by scaling by the starting age as we did for the common disaster we

arrive at
(1 _ l)(ppo)n+k+2 _ (1 _ p1p2)ln+k+2

kPzy = (1 — l)(plpg)"+2 _ (1 _ p1p2)ln+2

With life lengthening, the starting age, for example the marriage date, of the lengthening force is very

important. p,, is not memoryless.
For simplicity we will determine gpuyqeiky+rx = P(KL >k — 1, K¥ > k—1) — P(K{ > k, K¥ > k).
Therefore, we need to determine P(K¥ > n, KX > n). Use Equation (5) in the previous section. For ny > ns

P(KE>n KE >n)= > > P(KF =k, K¥ = k)
ka=no+1ki=n1+1

= Y PKE =k Kf=k)+ > P(KF =k K§ = k)
mtlskishs na+1<ko <k

k141, ka+1 k2—k11k1+1

%) ko
Z Z q1ga(1— 1) P1 Py — D2

—1
ko=ni1+1ki=n1+1 pip2

k1—1 k141, ko1 k1— kzlngrl

£ Y Y geaophlEon

—1
ki=ni1+1ko=n>+1 pip2

Split into cases

nae(l-10) | < e - S \"
_ Skt Z P Y gk S ()

—1
pip2 ko=n1+1 ki=ni+1 ko=ni+1 ki=ni+1 P2
ky1—1 00 k1—1 l ko
k1+1 ko+1 k
+ E Py 1+ E p22+ _ E plll E ()
ki=n1+1 ko=no+1 ki=ni1+1 ko=no+1 P1

Solve the inner summations

! ni+1 ka+2
-0 | & et VR (*) - (f)
_ 7192( ) Z pk2+1 P — N Z p§21 p1 p1

_1 2 1— €z
pip2 ko=ni+1 P ko=n1+1 P2

. no+1 . k1
- Pyt =it — i (5) B (171)
+ Y TR > il

1—po

ki=ni1+1 ki=n1+1 ITI



q1q2(1 —1) -
00D L, S e L S e
p1p2 ql k‘2 ni+1 gl ko=ni+1
+1 [e3e} o)
pgl l )nl ko p21 l k
_ N + - [72
p2—l<p2 k_z Pz p2 — L py _Z
ni+1 ka=n1+1
s (8)
+ o py**ep Z P — Lpip, > (p2)®
k‘l—nlJrl 72 ki=ni1+1
pl (LN S il =
— P 1 l 1
pll(p1> Z P +101*1 Z
ki=ni+1 ki=ni+1

Solve the last summations
Q1Q2(1 . l) [ _— pghtl 1 2(p1p2)n1+1 ol ( l >n1+1 p;LlJrl 2+l
q

ppa—1 @t TPl—ps @ 0t 1—pips pa—1 l—py pa—11-1

T (pat? pmatl pipe (p1pa)™+! il <l>n2+1 pt i ln1+1‘|
@2 1-—p g2 1—pp2  p1—1 l=p1 p1—11-1
Simplify,
B q1g2(1 1) [p?1+2p31+2 B p?1+3pgl+2 B p21n1+2 jn+3
- pip2—1 q192 (1 =pip2)  @P2-1) QA-=0p2—1) (9)
+p71L1+2p;12+2 B p?1+2pgl+2 B plln2+2 plln1+2 :|
7192 g2(1=pip2) @pr—10) (1 —=0p1—1)
_a1ge(1 1) [P?1+2p32+2(1 +05" ") (L=pa)p P+ (1= p)pi Ppp e
- pipa—1 4102 (1=0(pr—D(p2—1)
(L =pO)pa(pr = DI+ (1 = po)pi(p2 = DI (p1 = DIM 5 4 (p2 — Z)Pllnl+2]
q192(p1 — ) (p2 — 1) (L= = Dp2 1)

Group like terms
_age(L =0 [P ey (4 p5 ") p P pn (1 — pupe)

pip2 — 1 q192 q1q2(1 — p1p2)
_ pol™t? _ pil"2t? 1"+2(pipy — 12)
@eP2—0) qalEi—-0) @=0—Dp2—1)
_ Q1QQ(1 o l) 'p71L1+2p32+2 B pzln1+2 B plln2+2 ln1+2(p1p2 _ l2)
pip2—1 | qge @p2—10) qapi—10) 1-=0@p—0)p2—1)]
For ny > ny
_ CI1QQ(1 o l) _p?1+2]932+2 B plln2+2 B p2ln1+2 ln2+2(p1p2 _ 12)
pip2—1 | qge a1 =10  q@p—10) 1-=0)@p—1)p2—1)]
Forni =ny =n
P(KF >n,KF >n) > P(K{ =k, K}y =k)+ Y P(K{=k,K}=hk)
n+1<k; <ka n+1<ka<k;

k141, ka+1 k2—k1lk1+1

%) ko
Z Z q1go(1 — 1) pl Po — D2

—1
ko=n+1k;=n+1 P1p2
ki—1 ki1+1, ko+1 k1— kzlk2+l

£ Y gt on

—1
ki=n+2 ko=n+1 P1p2
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From Equation (8) and Equation (9)

_ Q1Q2(1 _ l) {p?+2pg+2 B pn+3p721+2 B p2ln+2 ln+3
pip2 — 1 q192 q1(1 —pip2)  qp2—1)  (1=10(p2—1)
o0
+ PQHP Z Pyt — *Plpz Z (p1p2)*
k1=n+2 ki=n1+2
p I I n+1 [e'e) p I e3¢}
1 1
N —l() PO DD lkl}
h 2 k1=n+2 P ki=n+2
_ q1q2(1 71) { n+2pg+2 B p?+3pg+2 B p2ln+2 N [n+3
pip2 — 1 q192 (1 =pip2)  qp2—1) (A=10(p2—1)
U e VA | Uil plmt }
Q192 @(l—pip2) api—10) @A-=0p—1)

Group over common denominators

_ g1 1) {(pwz)”“(l +p1)  (L=pa)pi Py + (1= po)p Pp5*°
- pipe—1 7192 7192(1 — p1p2)

p2(1—p1)(p1 — 1) + p3(1 — p2)(p2 — l)l"” (p1 = 1) +p1(p2 — 1) s

q1q2(p1 — 1) (p2 — 1) (L =01 —Dp2—1)

_ q192(1 = 1) [(P1P2)"+2(1 +p1) P?HPQLH pytipy e
pip2 — 1 0192 q1q2(1 — p1p2)
_pa(pr —pi =L+ pil) +pi(p2 — P — l+pzl)ln+2 p1 — L+ pipa — pil

q1q2(p1 — 1) (p2 — 1) (1=0(p1—D(p2—1

Simplify numerators

_ (1) [(Plpz)"”(l +p1) (i) " PPpi(1—pip2)  papa(l — pape)l"t?
pip2 — 1 7192 71g2(1 — p1p2) q1q2(p1 — 1)(p2 — 1)

P2 +Ppip2 — pi +papi s P1 -+ Pip2 ji+3 14 p1)l
q1q2(p1 — 1)(p2 — 1) (1 =0D(p1 = D(p2—1) (1 =01 —D(p2—1)
_ne( -1 [(Mpz)"+2 ~ pipa(l = papo)"t?
pip2 — 1 q192 q1q2(p1 — D) (p2 — (1 —1)
p1p2(1 — pip2)l™ 3 p2 — p1p2 + pt — pips j+3

qq(pr — D2 — DA —=1)  qg(pr —D)(p2 — D1 1)

_ pa=pipa+pi—pipe e 2104 P2) (L= p)(L=pa) s
q1q2(p1 — 1)(p2 — (1 = 1) @1q2(p1 — D(p2 —1)(1 = 1)

_ (A4 p)A = p)(A = p2) jnia
01g2(p1 — D(p2 —1)(1 1)

Cancel terms
_ 1ot (p1p2)" ™2 — pip2(1 — pipa)l"+2
pip2 — 1 (p1 = D(p2 =11 =1)
pip2(1 = pip2) + p2 = pipz + pt = pipe + pa(L = p1)(1 = P3) sy
(1 =0D(p1 = D(p2—1)
_p2—pip2 0 —pip2 + (1 —po)(1 *P?)lnH

(1 =0(pr = D(p2—1)
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1-—- l 1— l7z+2
= — {(plpz)"“ - p”f( P_1p2) -
pip2 — 1 (p1 — D (p2 — (1 —1)
p1tp2 —pip2(p1 + p2)l”+3 B 1— pipo l”+4}
(pl - l)(p2 - l)(l — l) (p1 _ l)(pg _ l)(l — l)
Simplify,
1-1 +2 (1 — pip2)l™t2 , }
N B — (1 +p2)l+1
pip2 —1 [(p1p2) (I =01 = Dp2—1) (p1p2 = (1 +2) )
1-1 1— [n+2
= Ll [y - Ll
p1p2 ( )
1
B pip2 — 1 (1= D(p1p2)"* = (1 = prp2)l™ 2] .

For n = 0, we have

1
T pipz 1 (1= D(prp2)* = (1 = p1p2)P’]
1
- pip2 — 1 [(p1p2)2 — (pip2)*l = I + (p1p2)12]
1
= [p1pal(l — p1ipa) + (p1p2 — D) (p1p2 + 1)]

=pip2 + 1 — pipol
=1- (1 — l)(l 7p1p2).
Again this is the same as P(K¥ > 0, K¥ > 0).

P(KLE>0,Kl>0)=1-P(KE=00r KE =0)
=1-[P(K{=0,K} >0)+ P(K{ > 0,Ky =0)+ P(K{ =0,K; =0)]
=1-[1=0D1=p)p2+ (1 =Dp1(1 —p2) + (1 =1)(1 —p1)(1 = p2)]
=1—(1—=1)[p2 —pip2 +p1 — p1p2 + 1 — p1 — p2 + p1p2]

=1- (1 - l)(l —plpg).
Now, inserting the required formulae into PyyQo+k:y+k

KPryQotkysk = P(KE >k -1, Ky >k —1) - P(KE > k, K¥ > k)

- plpi — [ =D@p2)" ™" = (1= pip2)l™ = (1= D(@1p2) 2 + (1 = p1p2)I™ ]
_ plpi [0 =) (192 (ape)*+2) = (1= pipa) (1541 = 142)]

- pmi — [ =D1p2)" (1= pip2) = (1= pip2)l* 1 (1= 1)]
T,

Inserting the required formulae into A,,, we arrive at

(1 =01 = pip2) k+1 k+1 k+1
Ay = E v —1
Y pip2 — 1 [(p1p2) )

k=0
_ (A=D1 = pip2) { vpip2 vl }
B p1p2 — 1 1—vpip2  1—wl
_ v =0 = pips) [ pip2 ]
B p1p2 — 1 l—wpips 1—wl]’
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It is important to note that the smaller [ is the less the lives are affected by the lengthening. When

I = 0, or when there is no lengthening, we arrive at the same actuarial present value as when d = 0.

A 1 —pip2 p1P2
ay = *
D1p2 1 —vpips
1—pip2
= V.
1 —wvpip2

When [ = 1, then we arrive at A, = 0. The lengthening will cause you to live forever.

We can also calculate annuity values using 1 = 7dyy + Azy. Where r =
1—Agy
— .

T + usually denoted by discount
d. Therefore, tyy =
The last survivor status is payable at the end of the year upon the last death of either life x or life y.

The actuarial present value of the last survivor status is denoted by Agzy.
Azg = As + Ay — Agy

To determine this status we first need to develop the actuarial present values for lives  and y individually
with the effect of the life lengthening. The actuarial present value of one dollar payable at the end of the

year is

oo
k+1
= ZU + kPzqz+k-
k=0

In determining xp,qeix = P(K¥ >k — 1) — P(K¥ > k) we need P(K¥ > n).

P(L=k)=1"1-1).

P(K1=k) = piq.

Hence,
k 1— lk—i—l‘Ll
P(L+Ki=k)= Z ma— l)plf_m(h =(1- l)plf(lllilpl-
m=0 - 171
and
[o'e) 1— lr+1£
P(KlL >n) = Z (1 _l)pi(hl_iipl
r=n-+1 p1
bR "
F r=n-+1 r=n+1
_0-Da [ CRRE
- l I-m 1—1ips
Therefore, using Equation (10)
1-Dq | pb it ot 1k+2pk
z{x - - - +
kPzlx+k 1_1% 1—py a1 1—ip 1—py (111_lp1
(1—Dq -
= U200 gy

p1

13



Inserting the required formulae into A,, we arrive at
[o ]

1-1 .
A, = 7(1 — fl Do [Pl — q Y

P1 k=o

1
_(0=Da v Uy
— L 1 —opy qll—vlpl

p1

:v(lfl)fh P g
pr—1 |[1—vpr  1—vwip ]’

Similarly,
1-1 l
A, = v( )2 p2 42 .
pe—1 |1—vpy 1—u0lpy
When [ = 0, we reach the same conclusion as when d = 0.
1
A, =vqq .
1—wvpr
Finally,

va[(ll)%( P1 lgy )

p1—1 1—Up171—vlp1
1-1 l
+( )QQ< D2 q2 )

P2 — 1 l—vpg_l—vlpg

_(1—l)(1—p1p2)< pip2 )]
p1ip2 — 1 1—opipp 1—wl)]’

Since Agzy is linear when [ = 0 and d = 0, we arrive at the same conclusions as before.

Common Disaster and Life Lengthening
In this section we determine the probability of two individuals terminating due to biological causes or a
common disaster while having their lives lengthened by a common lengthening force. Therefore, we can look
at three separate forces acting on each life, the biological, the common disaster, and the life lengthening.
The individual lives are independent of each other,however, once the common disaster and life lengthening
force are accounted for the individuals are dependent due to the disaster and lengthening which are acting
on both. By using both the common disaster and the life lengthening one can account for those factors both
increasing and decreasing biological mortality.

We will use the same definitions used to develop the separate cases involving a common disaster and life
lengthening in the previous two sections. We will define (KX)? as the number of years lived by an individual

1 with the life lengthening force while being subjected to a common disaster.
(KE)P = min(KE, D) = min(K, + L, D).
Therefore,
P(KEP > ny, KEP > ny) = P(D > ny, D > ng, K > ny, K > ny)
= P(D > maz(ny,ng)) * P(KE > ny, KE > ny)
= (1 —d)mermm2)t s (KT > ny, K§ > no).
As in the previous sections we can set n; = no = n since their initial ages do not matter. Only the start

of the life lengthening matters which we will assume starts at n.

Hence,
1

P(K{P > n, KIP >n)=(1—d)" " Sl

(1= 1) (p1p2)™" — (1 — p1p2)I"*?] . (11)

14



Actuarial Present Value of Common Disaster and Life Lengthening

The joint life actuarial present value of one dollar payable at the end of the year of the first of either life z’s
or life y’s death is denoted by A,,. One would want this form of insurance to protect against the death of
the wage earner. It is important to note that life y does not necessarily need to live until the end of the year.

In general the insurance is represented as

o0
k+1
Azy = § ot kPzydz+k:y+k-
k=0

Once again we need gDyyQatk:y+k Which we determine using Equation (11).

kPryQotkyrk = P(KEP >k — 1, K&P > |k —2) — P(K{P > k, K3P > k)

- plpzl =7 [(1 D1 = ) F(pipa)*t — (1= prpa)(1 — d)F1ET!
_(1 — l)(l — d)k+1(p1p2)k+2 + (1 o plpz)(l _ d)k+1lk+2}
= L 0= 00 - i) (= (- D)

~(1=pip2)(1 = DA~ (1= a)0)] .

Inserting the required formulae into Ag,, we arrive at

1

— m Uk+l(1 o d)k(p1p2)/€+l

M8

Azy [(1 =11 = (1 —d)pip2)

b
I

0

— (L=pip2)(1 = (1 —d)I) i oML — d)F
k=0

1 vp1P2 vl
=—\1-0H1-(1-d —_— —(1- 1-1-d))—————
When d = 0, you arrive at the actuarial present value with only the lengthening.
1 vp1P2 vl
= —(1=D(1 - o 1-1 .
r— [( )L = pip2) 7= p— (1 =pip2) (L =)y

When [ = 0, you arrive at the actuarial present value with only the disaster.

1 Up1P2 } { 1 —(1—d)pip2 }
oy = 1—(1—d)pip = .
Y pipe [( ( P1p2) 1 —o(1 —d)pip2 1 —o(1 —d)pip2
We can also calculate annuity values using 1 = rdgy, + Agy. Where r = 1%“ usually denoted by discount
1—Auy

d. Therefore, dyy = — .
The last survivor status is payable at the end of the year upon the last death of either life x or life y.

The actuarial present value of the last survivor status is denoted by Azy.
Agg = Ay + Ay — Ayy.

To determine this status we first need to develop the actuarial present values for lives x and y individually
with the effect of the common disaster and life lengthening. The actuarial present value of one dollar payable
at the end of the year is
oo
Aa: = Z vk+1kaQJc+k-
k=0
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Therefore, we need
kPrGuik = P(KFP >k —1) — P(KEP > k).

Now,
1-1 n+1 [t2pn
P(KED 5 n) = P(D > n, KF > n) = (1 —ayrrr SV [ P P
1— pil 1—p 1—Ipy
Therefore,
(1-Dq |Q—a)Fpf (1 —dFir+pi™!
kPzlz+k = 1 —q1
1— - 1-p 1—Ip;m

- —qQ

(1 o d)k+1p11€+1 (1 o d)k+llk+2pllc
1-p 1 —Ip

_ — ek
— (11 _lfp [(11 _d;1p1 (1= (1—d)py) — : _611lp1 (1— d)FIF+Iph=1(1 — (1 — d)lpl)}

— (11)1—5)1% [pl(l ;d)kp’f (1—(1—d)p)— 1(171];;1 (1= dyFt 1 ph=1(1 = (1 = d)lpl)] .

Inserting the required formulae into A,, we arrive at

A, = (1-Dq [pl (1—(1—d)p, kaﬂ — d)kpk
k=0

=l ¢
_a _1 S d)lp1) i:: ORTLEFL( — @)kph
B (;H——l);h [91(1 - d)pl)l - ’U(lv— dpr ut _1 (jl;ld)lpl) f1- U(lvl— d)lpl]
Similarily,
Ay = (1]02_0;]2 [zz(l — (1= dpz) 1— v(lvf d)p2 u _1(11;2d)lp2) = U(lvl d)lpJ

When d = 0, it simplifies to A, with only lengthening.

(1-0q |:p1(1_ ) v _ql(l—lpl) vl }

A, =
pi—1 ¢ P 1—vpy 1—Ip1 1—vip;

When [ = 0, it simplifies to A, with only the disaster.

A, =1 [ql (1—(1—d)p1)1_v(f_d)pl}

b1
Therefore,
(=D v @1 (1 = (1 —d)ip1) vl
Ay = pr—1 [ql(l_(l_d)pl)l—v(l—d)pl B 1—Ip; 1—v(1—d)lp1}
(L—0Dgz2 [p2 v 21— (1 —d)lp) vl
" p2—1 {%(1(1d)p2)1—v(1—d)p2 1 —lp2 1 —U(l—dﬂ]h]
o 000 = ) P ()1 - (- ) = |
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Appendix A - Common Disaster

To verify that these probabilities are correct, we will check to see that they sum to one.

oo o0

> P(KP =ni, K =ny) =

’I’L2:O ’I’Ll:O

fe'e) no—1 %)
5 (z PUKD = n KP = na) + PKP —ms KP — )+ S PUKP =y, kP — n2>>

ni=ns+1

no=0 \n;=0

=3 STy — ) (1~ (1 d)pa)]

no=1n;=0
+ > (1= d)™pps2[1 — (1 — d)py — (1 = d)pa + (1 — d)p1p2]]

no =0
o0 o0

+ > (=) psr (L —p2)(1 — (1~ d)pu]]

no=0n;=ns+1

oo ’nzfl
=(1=p)(1 =1 —=dp2) > [(1—d)"ps?] Y pp~"
71,2:1 n1:0
n 1—(1—d)p1 — (1 —=d)p2 + (1 —d)p1p2
1 — (1 —d)pip2
+ (1 =p2)(1—(1—d)p1) Z ps* Z (I —d)™py?
no=0 ni=ns+1
Solve the inner summations
- no N2 1 - p”ll2
=1 —p)(1—(1—d)p2) Z (1—d)"*p3 1-p,
n2:1
L L= (= dpi = (1= d)ps + (1= Dpps
1- (1 - d)p1]92
= n (1 B d)n2+1p7112+1
+ (1 — 1-(1-d 2
(1—p2)(1—( )pl)n;OPQ T
Solve the inner summations
= (1= (1—dp2) Y [(1—d)™ps> — (1 - d)"p}ps*]
ngo=1
1-(1—=dpr — (1 —d)pa+ (1 —d)pip2
1- (1 - d)PlPQ
+ (1 =p2)A—d)pr Y (1 —d)"™pips?
nz:O

_ (1 —d)p2 (1 —d)p1p2
=(1—(1—d)po) [1 Gl i
+ 1-1-dp1 — (1 —d)ps + (1 —d)p1p2
1- (1 - d)plpz

+(1—dp(1 —pﬂm
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Reduce over a common denominator

T (Ol (= D] — (= dpipalt — (=
+1-(1—=dpr — (1 —dp2+ (1 = d)pipz + (1 = d)p1(1 — p2)]
- (- D
T D Pip2

=1

Appendix B - Life Lengthening

To verify that these probabilities are correct, check to see that they sum to one.

oo

o0
> PK! =ny, KJ =ny)

’I’L2:O 71,1:0

T2 — 11 ln1+1

o) no ni+1_no+1
p D — D
-3 [ 3
n2:0 ni 0 p1p2
oo ni+1, _no+1 ni—n2jins+1
p p —p l
Y g PR ]
a1 P1p2
> (1-1)
_ Z [lh% _—l Z pn1+1 na+1 p;zrnllmH
na—0 | P1P2
1-1) &
+ Q1(I2 __l Z pn1+1 na+1 p;llnzln2+1‘|
P1ip2 S

Solve the inner summations

n [m2t2
_ Z [Q1Q2 (1-1) <p’gz+1p1 e 3 Pl ——; )
_ _ _ 1

o 2V l 1—p 1-

000D (R piy]
pip2 — 1

1—p 1—p

Reduce over a common denominator

_qe(1-1) P1p2 B i pyr =it pil
pipe =L | (L=p)(1=p2) = p2—1 (I =p)(1—=1)
_ nge(l-1) [plpz 1 (pzl o > il }
pp2—1 lqge  p2—1 1-1 a(l-1)
Simplify,
__ ] (1-1) ! (qup2l(1 —1) 1?) z}
= pipz—1 _plpz P2 —1 q1p2 4192 P1g2
10 (1—p1)l }
= 1-0)—pi(1—po)l — ———— 1—-10)—(1—p2)l
pips —1 _P1P2( ) —pi(1—p2) pa — 1 (pa( ) — (1 =p2)l)
1 [ 1—pil
= p1p2 — pil — L-p [p2 —pal —1 erzl]
pip2 — 1 [ p2—1
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Cancel terms

1
= — —pil =1l +pil
pips—1 [p1p2 — p1 p1l]
1
= —1
pip2 — 1 prp2 =]

=1.
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Appendix C - Graphs

All graphs refer to values of p1,p2 = 0.5 and v = 0.25.
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Figure 1: Graph of A, with common disaster.
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Figure 2: Graph of Azy with common disaster.
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Figure 3: Graph of yp., with life lengthening, k = 1.
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Figure 4: Graph of ;p,, with life lengthening, n = 1.
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Figure 5: Graph of A, with life lengthening.
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Figure 6: Graph of Azy with life lengthening. For [ = .5 and beyond

the function is undefined due to the chosen values of pi,ps, and v. [ = .25

is also undefined but interpolated above.
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